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Abstract 
We prove that Apkry numbers satisfy an analog mod p, p2 and p3 of the congruence of Lucas for binomial coefficients. 
We give also some consequences for their divisibility by primes and related tables. .. 
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1. In his proof [l] of the irrationality of 5 (3), Roger ApCry shows that if a, is defined by 
ao=1,a1=5andVn>2, 
n3u, - (34n3 - Sin’ + 27n - 5)c1,-~ + (n - 1)3a,-2 = 0, (1) 
then 
(2) 
In [6], we proved that, for any integer n and any prime p, if the p-ary expansion of n is given by 
n = 1: = 0 nipi, then 
a, = n a,,(modp) 
i=O 
(3) 
(see also Gessel [S]) and, if p z 2, 
a, = +-,, (modp). (4) 
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Moreover, in [7], we give a demonstration of several conjectures of S. Chowla, J. Cowles and 
M. Cowles [3,4]. For instance: 
for any prime p > 5, up E 5 (modp3). 
We state also complementary congruences: 
(5) 
for any prime p 2 5, ape1 3 1 (modp3). (6) 
Using modularfunctions, Beukers [23 proved another fascinating congruence: if ~2~ 1 ynq” is the 
Taylor expansion of the infinite product qf17Z1 (1 - q2”)“(1 - q4”)4, then for any prime p 2 3, we 
have uo,- 1),2 = yP (mod p). 
Our calculations show that 11 and 3137 are the only prime numbers less than lo5 such that 
yP E 0 (modP). 
2. We are now going to prove new congruences modulo p3 unifying and generalizing the formulas 
above. 
Lemma. For any integers n, i and any prime p 2 5, 
(7) 
N.B. This statement is false if p E {2,3}. 
Proof. (A) For any prime p 2 5, (“,“) = 2 (mod p3). Indeed, for any integer n, (2,“) = Cizo (E)2. But, 
ifpisaprimeandifl<k<p-&then 
P 0 P! k = @(p - k)! = p&y where kqk = (- l)k- ’ (mod p). 
We get 
Now, in lFp*, the function k + k’ l is a permutation and therefore 
2P 0 p-1 ~2+p* 1 k2=2+ppZ ( ’ - l)P(2P - 1) 3 P k=l 6 2 + 0 (modp3), 
if p > 3. 
(B) From the identity (1 + x)“~ = (1 + ~)(“-‘)~(l + x)~, we deduce 
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But, 
P 0 k - = (-1)“-lk-i (modp) 
P 
and 
(n - I)! 
P S (n - i - l)! 
(- l)P-k-‘(p _ k)-’ (modp). 
Therefore, 
SE- (,‘~~!)~), ‘ii ke2 (modp). 
‘k 1 
This means again, as above, S = 0 (modp). Then 
and the lemma is true by induction. 0 
Theorem. For any integer n and any prime p > 5, for any r E (1,2,3}, let us expand n with respect to 
the base p’: 
w 
n = 1 Q(r)(f)’ 
i=O 
Then 
a, = n an,(,) (mod ~‘1. 
i=O 
(8) 
Proof. If k is not a multiple of p, (n,f’r) 3 0 modulop’. 
Reducing definition (2) modulop’ and using the lemma, we get 
a npl = a, (modp’). 
But, modulop’, the vector (anpr, anpr+ 1, . . . , a(,+ l)p’_ 1) is a multiple of (ao, al, . . . , a,r_ I), because of 
the periodicity modulo p’ of the coefficients of this relation of recurrence. And now, if n = up’ + v is 
the euclidian division of n by p’, we have also a,, G auav (mod p’). Iterating this operation, we get our 
theorem by induction. 0 
N.B. The theorem fails when p E (2,3). 
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3. Remarks 
Of course, theorem (8) generalizes at once (3) (5) and (6). The substitution n + p + 1 - n 
transforms the recurrence relation (4) in its reciprocal: 
n3u,_ r_,, - (34n3 - 51n2 + 27n - 5)a,-, + (n - 1)3a,+I-, = 0 (modp). 
That is why the symmetry formula (4) is true. But (4) does not admit the same generalizations 
modulop2 or p3. 
4. Table 1 
Here are the factors of a, for n < 25: 
a1 = 5 
u2 = 73 
u3 = 5 172 
u4 = 61 541 
u5 = 5 11 14891 
&j = 52 858433 
UT = 5 333135083 
as = 5’ 19 31 1111573 
a9 = 5 59 1588782539 
al0 = 19 41 17532010787 
alI = 54 284083 2273567 
a12 = 12073365010564729 (prime) 
al3 = 52 173154932720027329 
u14= 151206933556109289011 
al5 = 5 9155527 7449806101207 
a16 = 52 11 38307353448713793683 
al7 = 5372716527562351972902011 
a18 = 524283 120087224379463598073 
al9 = 53718154037273496964754731429 
u20 = 1716315320084683.237702658261457 
u2r = 5 62803713134283 7732528546468919 
u22 = 31 733 1217 778681300481187 1562935249 
~23 =52237601676058954983919491137360673 
~24 = 10258527782126040976126514552283OOl(prime) 
~25 =5979856273487143815158901477131779259 
5. Table 2 
Looking at formulas (3) and (4), we see that, modulop, it suffices to know the numbers 
al, , . . , qp- 1j,2 to compute a,. 
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In the first column of the following table, we write the prime numbers p -c 1000; in the second 
one, we give indirectly the a, that p divides. Those a, are such that at least a “p-ary digit” ni is one 
of the numbers written in this column. (4) shows that they are pairwise opposite modulo 
(P - 1). 
2 None 
3 None 
5 135 
7 None 
11 5 
13 None 
17 3, 13 
19 8, 10 
23 None 
29 None 
31 8,22 
37 17,19 
41 10,30 
43 None 
47 None 
53 None 
59 9,49 
61 4, 56 
67 None 
71 None 
73 2, 70 
79 None 
83 None 
89 None 
97 25,71 
101 None 
103 None 
107 None 
109 None 
113 None 
127 None 
131 None 
137 None 
139 61,77 
149 None 
151 14,136 
157 None 
163 20,142 
167 None 
173 None 
16 C. Radoux 1 Journal of Computational and Applied Mathematics 64 (1995) II-19 
179 36,142 
181 19,161; 47,133 
191 81,109 
193 30,162; 64,128 
197 44,152 
199 None 
211 100,110 
223 None 
227 73,153 
229 None 
233 39,193 
239 None 
241 89,151 
251 114,136 
257 72,184 
263 None 
269 None 
271 17,253; 41,229 
277 None 
281 None 
283 140,142 
293 47,245; 83,209 
307 86,220 
311 None 
313 None 
317 None 
331 109,221 
337 None 
347 118,228 
349 None 
353 None 
367 182,184 
373 None 
379 85,293; 152,226; 171,207 
383 None 
389 None 
397 None 
401 None 
409 None 
419 161,257 
421 None 
431 56,374 
433 195,237 
439 140,298 
443 168,274 
449 None 
457 None 
461 None 
463 53,409 
467 None 
479 None 
487 None 
491 None 
499 67,431; 170,328; 203,295 
503 61,441 
509 None 
521 None 
523 None 
541 4,536 
547 None 
557 None 
563 None 
569 None 
571 140,430 
577 112,464 
587 None 
593 162,430 
599 145,453; 272,326 
601 None 
607 None 
613 None 
617 298,318 
619 None 
631 112,518 
641 None 
643 None 
647 None 
653 None 
659 76,582 
661 None 
673 None 
677 None 
683 None 
691 337,353 
701 101,599 
709 220,488; 321,387 
719 None 
727 None 
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733 22,710 
739 None 
743 None 
751 33,717 
757 116,640 
761 319,441; 342,418 
769 272,496 
773 None 
787 89,697 
797 None 
809 None 
811 None 
821 103,717; 282,538 
823 None 
827 None 
829 None 
839 None 
853 None 
857 371,485 
859 None 
863 None 
877 None 
881 67,813 
883 None 
887 329,557 
907 156,750; 407,499 
911 249,661 
919 None 
929 None 
937 363,573 
941 None 
947 348,598 
953 185,767 
967 None 
971 351,619 
977 144,832 
983 None 
991 369,621 
997 None 
Our formulas provide easily further results such 
1009 422,586 
. . . 
9973 None 
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10007 
. . . 
9999 1 
100003 
. . . 
999983 
1000003 
and so on! 
3943,6063 
36153,63837 
None 
84178,915804 
64897,935105 
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